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Abstract
The exact entanglement evolution of two two-level systems, coupled to N
surrounding spin 1

2 , is analysed with the help of a new criterion relying on the
ability of measuring a few simple observables only.

PACS numbers: 03.65.Ud, 03.67.Mn, 75.10.Jm

(Some figures in this article are in colour only in the electronic version)

It is today experimentally possible to realize entangled states in different contexts such as
CQED [1–4], metal–superconductor junctions [5, 6] and other solid state systems [7, 8]. A
debated and open issue concerns the individuation of efficient methods to detect and quantify
entanglement. Since to determine the density operator by tomographic techniques may require
considerable efforts, it is desirable to probe and to quantify the occurrence of entanglement
with other approaches. To this end, Bell inequalities and witness operators [9–12] could
be used as well as criteria relying on the measurement of few observables of clear physical
meaning. Methods based on violation of local uncertainty relations [13] or inequalities for
variances of observables [14] have been quite recently proposed.

In this communication, we present a criterion for entanglement in two two-level systems
coupled to N spin 1

2 surrounding them. Our results do provide an incisive tool to infer the
existence of non-classical correlations from few and simple measurements.

Consider a bipartite system composed of two two-level systems is described by the Pauli
operators �σi ≡ (

σ
(i)
± , σ (i)

z

)
, i = 1, 2, respectively. Suppose that its density operator, in the

factorized basis {|↑↑〉, |↑↓〉, |↓↑〉, |↓↓〉} of the eigenstates of σ (1)
z σ (2)

z , has the following
structure:

ρ =




a 0 0 0
0 b c 0
0 c∗ d 0
0 0 0 e


 . (1)

The quite simple form of ρ, given by equation (1), naturally arises in many physical scenarios
not necessarily involving spin 1

2 systems [2, 3, 5, 15]. Since the concurrence function [16]
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associated with equation (1) is

Conc = max[0, 2(|c| − √
ae)], (2)

the existence of entanglement in our system requires that the geometric mean of the two
populations a and e becomes less than the coherence amplitude |c|. The two probabilities a
and e of finding the system in the states |↑↑〉 and |↓↓〉, respectively, determine the mean value
of Sz ≡ 1

2

(
σ (1)

z + σ (2)
z

)
and S2

z as follows:

〈Sz〉 ≡ tr{ρSz} = a − e, (3)

〈(Sz)
2〉 ≡ tr{ρ(Sz)

2} = a + e, (4)

which in turn imply that

(�Sz)
2 ≡ 〈(Sz)

2〉 − (〈Sz〉)2 = (a + e) − (a − e)2. (5)

In accordance with the Landau’s condition [17],

|c| �
√

bd, (6)

we may thus state that the presence of entanglement in two two-level systems described by
equation (1) necessarily requires

√
ae < |c| �

√
bd. (7)

Exploiting such an inequality in equation (5) yields the following upper limit to the variance
of Sz:

(�Sz)
2 < 4bd − (b + d)[(b + d) − 1]. (8)

It is of relevance the fact that when the density matrix (1) assumes the special form

ρ(t) =




a 0 0 0
0 b b 0
0 b b 0
0 0 0 e


 (9)

the necessary condition (8) simply reduces to

(�Sz)
2 < 2b (10)

or, equivalently,

(〈Sz〉)2 > 1 − 4b. (11)

Since when condition (11) is fulfilled then the concurrence is different from zero, we may
claim that equation (11) is a necessary and sufficient condition in order to have entanglement
in two two-level systems described by ρ as given by equation (9). Stated another way, the
occurrence of entanglement in the system may be checked simply by comparing the square of
the mean value of Sz with the population b. It is however important to stress that the result
we have obtained allows us to immediately deduce that if b > 1

4 , then we can be sure that the
two two-level systems are entangled. On the contrary, when b � 1

4 , we need also to know the
mean value of Sz. In this case, indeed the bipartite system is entangled if, and only if,

−|2b − 1| � 〈Sz〉 < −√
1 − 4b (12)

or, alternatively,
√

1 − 4b < 〈Sz〉 � |2b − 1|. (13)
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In other words, when b � 1
4 , the presence of entanglement in the system is compatible only

with Sz mean values ‘squashed’ toward the extremes of its interval of variability [−1, 1].
In turn, it implies that under the condition 0 < b � 1

4 , in order to have entanglement, the
probability of finding the system in the state |↑↑〉 must be appreciably different from the
probability to find the system in the state |↓↓〉.

Our criterion may be successfully exploited in order to analyse the entanglement evolution
in a spin system describing a physical scenario of interest in many physical contexts. Consider
indeed a system constituted of two uncoupled spins 1

2 , denoted by A and B and hereafter called
central system, each one interacting with M −2 mutually uncoupled spins 1

2 . In particular, we
suppose that the two central spins interact with each of the M − 2 spins in the same way. This
system, known as spin star-like system [18, 19], can be described by adopting the following
Hamiltonian model:

H = H0 + HI , (14)

with

H0 = ω(Sz + Jz), (15)

HI = α(S+J− + S−J+), (16)

where Sz and S± ≡ 1
2

(
σ

(1)
± + σ

(2)
±

)
are spin operators acting in the Hilbert space of the

central system and Jz and J± are the collective spin operators describing the other M − 2
spins. This Hamiltonian model can be successfully used to describe for example electronic
spins in semiconductor quantum dot coupled by hyperfine interaction with nuclear spins,
or electronic spins bound to phosphorus atoms in a matrix of silica or germanio in the
presence of defects [20]. The Hamiltonian model (14) possesses permutational symmetries
successfully exploitable to exactly solve the relative time-dependent Schrödinger equation
[21, 22]. Suppose that at t = 0 the central system is in a common eigenstate of S2 = (�S1 + �S2)

2

and Sz denoted by |S,MS〉. At the same time, the remaining M − 2 spins are supposed in the
state |J,MJ , ν〉, eigenstate of the collective angular momentum operators J 2 and Jz. The index
ν, depending on J , allows us to distinguish between different states of the coupled angular
momentum basis characterized by the same J and MJ . The Hamiltonian (14) is invariant by
permutation of the two central spins as well as of an arbitrary couple of spins among the M −2
of the second block. Moreover, [S2,H ] = [J 2,H ] = [Sz + Jz,H ] = [

J 2
int,H

] = 0, �Jint

being an intermediate angular momentum resulting from the coupling of selected at will the
individual angular momentum of the M − 2 spins. At a generic time instant t, we can write

|ψ(t)〉 = e−iH0t e−iHI t |S,MS〉|J,MJ , ν〉, (17)

being [H0,HI ] = 0. The case S = 0, and consequently MS = 0, is a trivial one corresponding
to an eigenstate of the Hamiltonian whatever the value of J and MJ are. When instead S = 1,
we have

H 2n
I |1,MS〉|J,MJ , ν〉 = [

α2n(
√

2)2npMS

(
p2

MS
+ r2

MS

)n+ (−1)MS −1
2

]
(pMS

|1,MS〉|J,MJ , ν〉
+ rMS

|1,−MS〉|J,MJ + 2MS, ν〉) (18)

and

H 2n+1
I |1,MS〉|J,MJ , ν〉

=




α2n+1(
√

2)2n+1pMS

(
p2

MS
+ r2

MS

)n|1, 0〉|J,MJ + MS, ν〉, if MS 	= 0,

α2n+1(
√

2)2n+1
[
p−1

(
p2

−1 + p2
1

)n|1, 1〉|J,MJ − 1, ν〉
+ p1

(
p2

−1 + p2
1

)n|1,−1〉|J,MJ + 1, ν〉], if MS = 0,

(19)
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with

ps =
√

J (J + 1) − MJ (MJ + s), s = ±1 p0 = 1, (20)

rs =
√

J (J + 1) − (MJ + s)(MJ + 2s), s = ±1 r0 = 0. (21)

After straightforward calculations, we thus get

|ψ(t)〉 = e−iω(MS+MJ )t

{
A

MS

JMJ
(t)|1,MS〉|J,MJ , ν〉 + B

MS

JMJ
(t)|1,−MS〉|J,MJ + 2MS, ν〉

− i

(
1 − (−1)MS

2

)
C

MS

JMJ
(t)|1, 0〉|J,MJ + MS, ν〉

− iδMS0
[
D

MS

JMJ
(t)|1, 1〉|J,MJ − 1, ν〉 + E

MS

JMJ
(t)|1,−1〉|J,MJ + 1, ν〉]}. (22)

with

A
MS

JMJ
(t) =

[
p2

MS

p2
MS

+ r2
MS

cos
(√

2
(
p2

MS
+ r2

MS

)
αt

)
+

r2
MS

p2
MS

+ r2
MS

]
, (23)

B
MS

JMJ
(t) = pMS

rMS

p2
MS

+ r2
MS

(
cos

(√
2
(
p2

MS
+ r2

MS

)
αt

) − 1
)
, (24)

C
MS

JMJ
(t) = pMS√

p2
MS

+ r2
MS

sin
(√

2
(
p2

MS
+ r2

MS

)
αt

)
, (25)

D
MS

JMJ
(t) = p−1√

p2
−1 + p2

1

sin
(√

2
(
p2

−1 + p2
1

)
αt

)
, (26)

E
MS

JMJ
(t) = p1√

p2
−1 + p2

1

sin
(√

2
(
p2

−1 + p2
1

)
αt

)
. (27)

We are interested in the entanglement dynamics of the two central spins A and B. Tracing
ρ(t) = |ψ(t)〉〈ψ(t)| over all the degrees of freedom of the M −2 spins around A and B, we get
the reduced density matrix ρc(t) of the central system. It assumes the block diagonal structure
given by equation (9), every matrix element being an explicit function of the probability
amplitudes (23)–(27). In order to understand this point let us explicitly consider, as an
example, the case MS = 1 in correspondence of which equation (22) becomes

|ψ(t)〉 = e−iω(1+MJ )t
{
A1

JMJ
(t)|1, 1〉|J,MJ , ν〉

+ B1
JMJ

(t)|1,−1〉|J,MJ + 2, ν〉 − iC1
JMJ

(t)|1, 0〉|J,MJ + 1, ν〉}. (28)

The corresponding density matrix ρ(t) = |ψ(t)〉〈ψ(t)| can be easily reduced to ρc(t) using
the basis {|J,MJ , ν〉} and yields

ρc(t) = (
A1

JMJ
(t)

)2|1, 1〉〈1, 1| +
(
B1

JMJ
(t)

)2|1,−1〉〈1,−1| +
(
C1

JMJ
(t)

)2|1, 0〉〈1, 0|. (29)

Thus, considering that

|1, 1〉 = |↑↑〉, (30)

|1,−1〉 = |↓↓〉, (31)
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Figure 1. (�Sz)
2 (dashed line) and 2b(t) (bold line) against αt in correspondence to k = 2 and

N = 100.

and

|1, 0〉 = 1√
2
{|↑↓〉 + |↓↑〉}, (32)

it is easy to convince oneself that ρc(t) assumes the form given by equation (9) with

a(t) = (
A1

JMJ
(t)

)2
, b(t) = (

C1
JMJ

(t)
)2

, e(t) = (
B1

JMJ
(t)

)2
, (33)

when expressed in the standard decoupled basis on A and B. It is easy to persuade oneself that
also for MS = 0 and MS = −1 the operator ρc(t) assumes the form (9) with

a(t) = (
D0

JMJ
(t)

)2
, b(t) = (

A0
JMJ

(t)
)2

+
(
B0

JMJ
(t)

)2
, e(t) = ∣∣E0

JMJ
(t)

∣∣2
, (34)

if MS = 0 and

a(t) = (
B−1

JMJ
(t)

)2
, b(t) = (

C−1
JMJ

(t)
)2

, e(t) = (
A−1

JMJ
(t)

)2
, (35)

if MS = −1. Suppose to prepare the two spins of the central system and the remaining
M − 2 ≡ N spins in the state,

|ψ(0)〉 = |1, 1〉|N/2,−N/2 + k, 1〉, (36)

where k = 0, 1, . . . , N . Thanks to our results expressed by equation (10), we can state with
certainty that at a generic time instant t the two central spins are entangled if and only if
(�Sz)

2 < 2b(t). In figure 1, we plot (�Sz)
2 and 2b(t) in correspondence to N = 100 and

k = 2 as a function of αt .
Since condition (10) is not verified whatever the time instant t is, we can easily conclude

that starting from the initial condition (36) with N = 100 and k = 2, the central system is
unable to develop quantum correlations.

In the light of the result discussed before, the physical reason of this incapacity of the
system to develop entanglement stems from the fact that the time evolution from this initial
condition never makes significantly different the probabilities of finding the two spins in the
state |↑↑〉 or |↓↓〉, respectively. It is of relevance the fact that the same conclusion is reached
starting from |ψ(0)〉 = |1, 1〉|N/2,−N/2 + k, 1〉 with k � 50. The behaviour of the system
is instead significantly different when k exceeds 50. As an example, we compare in figure 2,
(�Sz)

2 and 2b(t) for k = 98 and N = 100.
In this case, there exist different time intervals, in which the two spins A and B are

entangled because (�Sz)
2 < 2b(t). Thus, the parameter k controls the ability of the system

to generate entanglement in the central system. We expect that the amount of entanglement
also depends on the choice of k that in turn determines the Sz fluctuations. This indeed is true
as witnessed by figures 3 and 4 where the time evolution of the concurrence is reported. We
stress that for k = 100 the initial condition is an exact stationary state while for k = 99 the two
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Figure 2. (�Sz)
2 (dashed line) and 2b(t) (bold line) against αt in correspondence to k = 98 and

N = 100.

Figure 3. Concurrence function of the central system against αt and k in correspondence to the
initial condition |1, 1〉|N/2, −N/2 + k〉 for N = 100.

Figure 4. Concurrence function of the central system against αt and k(97 � k < 100) in
correspondence to the initial condition |1, 1〉|N/2,−N/2 + k〉 for N = 100.

central spins reach the maximum compatible degree of entanglement, since in this case the
population of |↓↓〉 exactly vanishes at any time instant so that equation (10) is always fulfilled
except when b(t) = 0. On this basis, we foresee and we have proved a specular behaviour
starting from the initial condition |1,−1〉|N/2,−N/2 + k, 1〉 in the sense that in this case the
entanglement reaches its maximum when k = 1.
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We emphasize that the constraint on the fluctuations of Sz expressed by equation (10)
is the key of the simplicity with which we analyse the appearance and the disappearance
of entanglement as a function of time and more important to understand its dependence on
the value of k. In this communication, we have proved that when two two-level systems
are described by a density matrix expressed by equation (9) at any time instant t, there is a
simple and reliable procedure of experimental interest after which the occurrence of quantum
correlations be surely claimed or excluded. We propose indeed the measurement of at most
two populations which amounts at comparing the variance of Sz with the probability of finding
one spin up and the other down. Our approach to the entanglement of the pair of two two-
level systems has the merit of directly involving quantities having a clear physical meaning.
Applying our criterion to a spin star system, we are able to fully exploit the novelty of our
point of view to explain the dependence of the ability of the system to develop entanglement
on the initial conditions.
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[2] Yönaç M, Yu T and Eberly J H 2006 Preprint quant-ph/0602206
[3] Yu T and Eberly J H 2004 Phys. Rev. Lett. 93 140404
[4] Saif F, Abdel-Aty M, Javed M, Ul-Islam R and Obada A-S F 2006 Preprint quant-ph/0605178
[5] Bayandin K V, Lesovik G B and Martin T 2006 Phys Rev. B 74 085326
[6] Kim M D and Cho S Y 2007 Phys. Rev. B 75 134514
[7] Bose S 2006 Preprint cond-mat/0610024v1
[8] Bose S 2003 Phys. Rev. Lett. 91 207901
[9] Horodecki R, Horodecki P, Horodecki M and Horodechi K 2007 Preprint quant-ph/0702225
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